Induced Spin from the $ISO(2,1)$ Gauge Theory with the Gravitational
  Chern-Simons Term by Cho, Jin-Ho & Lee, Hyuk-jae
ar
X
iv
:h
ep
-th
/9
50
60
38
v1
  7
 Ju
n 
19
95
KAIST-CHEP-94/20
SNUTP 94-80
Induced Spin from the ISO(2, 1) Gauge Theory
with the Gravitational Chern-Simons Term
Jin-Ho Cho ∗
Department of Physics, KAIST
Taejon, 305-701, Korea
Hyuk-jae Lee †
Department of Physics Education, Seoul National University
Seoul, 151-742, Korea
Abstract
In the context of ISO(2, 1) gauge theory, we consider (2 + 1)-dimensional
gravity with the gravitational Chern-Simons term (CST). This formulation
allows the ‘exact’ solution for the system coupled to a massive point parti-
cle (which is not the case in the conventional Chern-Simons gravity). The
solution exhibits locally trivial structure even with the CST, although still
shows globally nontrivialness such as the conical space and the helical time
structure. Since the solution is exact, we can say the CST induces spin even
for noncritical case of σ + αm 6= 0.
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In the hope of unifying elementary forces including gravity, it has been one
of the most fascinating things in theoretical physics to understand gravity in the
context of gauge theory [1]. There have been many approaches to this end starting
from Kibble [2]. However, due to the inhomogeneity and non-compactness of the
Poincare´ group, it is still never trivial to construct a satisfactory theory that can be
viewed on an equal footing with other gauge theory. Recently, Witten showed that
at least in (2+1)-dimension, it is possible to write Einstein gravity in a completely
analogous way with the usual Chern-Simons gauge theory [3]. Further, motivated
by the fact that the local ISO(2, 1) symmetry is, on shell, equivalent to the usual
diffeomorphism [4], Grignani et al. constructed Poincare´ gauge theory coupled with
a massive point particle, making use of ‘Poincare´ coordinates’ [5, 6].
The above Poincare´ gauge gravity is based on a non-degenerate, invariant quadratic
form < Ja, Pb >= ηab, < Ja, Jb >=< Pa, Pb >= 0 on the Lie algebra iso(2, 1), where
Pa and Ja are the generators satisfying
[Pa, Jb] = ǫab
cPc, [Ja, Jb] = ǫab
cJc, [Pa, Pb] = 0. (1)
Note that the conventional Killing metric of iso(2, 1) is degenerate, so we can’t use it
here. Incorporating this quadratic form, the usual Chern-Simons Lagrangian for the
gauge connection A = ωaJa+e
aPa leads to just the the Einstein-Hilbert Lagrangian
written in the vielbein notation.
LEH = < A∧, (dA+
2
3
A∧A) >
= 2ec ∧ (dωc +
1
2
ǫcabω
a ∧ ωb). (2)
This raises a question; what about CST ∼ ωc ∧ (dωc +
1
3
ǫcabω
a ∧ ωb) that was
first introduced by Deser et al. [7] to give local dynamics to the standard locally
trivial (2+1)-dimensional Einstein gravity (hereafter, the resulting Einstein gravity
accompanied by CST is called Chern-Simons gravity or CSG). We expect this CST
also to be formulated possibly in ISO(2, 1) gauge theory, just from Chern-Simons
Lagrangian, since the term is gauge invariant. Indeed such can be done making
use of general quadratic form obtained by taking the Poincare´ limit (λ → 0) for
linear combination of two types of de Sitter invariant quadratic forms which Witten
proposed in ref. [3]. However, the same quadratic form is attainable more systemat-
ically, that is, without resource to the above de Sitter invariant quadratic forms. We
just require those generators Pa, Jb be the Killing vectors for the supposed quadratic
form. The resulting general quadratic form of ISO(2, 1) reads as
< Ja, Jb >= α ηab, < Ja, Pb >= ηab, < Pa, Pb >= 0, (3)
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where α is some coefficient with the dimension of length. We can easily check that
this general quadratic form generates CST in the Lagrangian.
Lgauge = < A∧, (dA+
2
3
A ∧A) >
= αωc ∧ (dωc +
1
3
ǫcabω
a ∧ ωb) + 2ec ∧ (dωc +
1
2
ǫcabω
a ∧ ωb). (4)
Therefore, ISO(2, 1) gauge theory generically produces not only Einstein-Hilbert
term but also the gravitational CST just from Chern-Simons Lagrangian. This
seems to be in contrast with the above mentioned CSG, where instead of ISO(2, 1)
symmetry, conformal symmetry is shown to be involved [3][7]. The mystery lies in
the fact that in CSG, they use torsion free condition as a constraint, thus the spin
connection ωaµ is a functional of the fundamental variable e
a
µ, while in the ISO(2, 1)
gauge theory, the torsion free condition comes out as an equation of motion for the
source free region and the two connection components ωa and ea are independent
variables.
Now we have another question; do those two formalisms give the same geometry
for a given spinless matter source, as is usual in (3+1)-dimension. In this letter, we
are to answer this question, considering more general case, a massive point source
with its intrinsic spin (the spinless case is straightforward). We first start from the
Lagrangian (4) and proceed to minimally couple a massive spinning source. After
fixing the gauge degrees of freedom, we solve those equations to construct the metric.
Next, we discuss about the resulting geometry.
The usual Einstein-Cartan SO(2, 1) gauge theory deals with the ‘tangent space’
as the internal space and SO(2, 1) is the transformation group acting on this inter-
nal space. However, to enlarge this gauge structure to the inhomogeneous group
ISO(2, 1), we consider, as the internal space, the ‘affine tangent space’, which is
the tangent space with the freedom of the specification of the origin [8][9]. Since
the affine coordinates φa of the affine tangent space are ISO(2, 1) vectors (Poincare´
vectors), its covariant derivative is
Dµφ
a = (∂µφ+Aµφ)
a = ∂µφ
a + ǫabcω
b
µφ
c + eaµ. (5)
It is to be understood that Latin indices a = 0, 1, 2 specify the internal affine space
coordinates while Greek indices µ = 0, 1, 2 specify the space-time coordinates. Mak-
ing use of eq. (5), one can construct the physical length that is invariant under
coordinate-reparametrization and gauge transformation,
dl2 = ηabDµφ
aDνφ
bdxµdxν
= gµνdx
µdxν , (6)
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where Dµφ
a ≡ Eµ
a just plays the role of the soldering form since the dimension of the
affine tangent space, that of the tangent space and that of the space-time manifold
are all the same, that is, det E 6= 0. This soldering form yields the definition of the
‘physical’ torsion two form [5][6],
T a ≡ DEa = T a + ǫabcR
bφc, (7)
where
Ra = dωa +
1
2
ǫabcω
b ∧ ωc, T a = dea + ǫabcω
b ∧ ec. (8)
Now we are to minimally couple a massive spinning particle to the system (4). The
Lagrangian for the interaction part is
Lint =
∫
dτx˙µδ3(x− x(τ))(jaω
a
µ + pae
a
µ), (9)
where ja denotes the total angular momentum (orbital angular momentum la plus in-
trinsic spin angular momentum sa) while pa represents particle’s momentum [10][11].
However in (2+1)-dimension, the intrinsic spin sa being proportional to the momen-
tum pa with the proportionality coefficient σ as the spin scalar, because the second
Casimir invariant is the Pauli-Lubanski scalar W = paja = p
asa, we may write j
a
generically as
ja = ǫabcφ
bpc +
σ
m
pa, (10)
where m is particle mass. The whole action consequently amounts to
I = Iparticle + Iint
−
1
κ
∫
d3xǫµνρ[αωaµ(∂νω
a
ρ +
1
3
ǫabcω
b
νω
c
ρ) + eaµ(∂νω
a
ρ − ∂ρω
a
ν + ǫ
a
bcω
b
νω
c
ρ)],
(11)
where κ is the Einstein constant and we need not specify the particle action Iparticle
because we are only concerned about the geometry a static massive spinning particle
generates in (2 + 1)-dimension.
Straightforward variations of gauge connection components for the above action
result in the equations of motion,
δωaα ⇒
1
κ
ǫαργ(αRaργ + T
a
ργ) =
∫
dτδ3(x− x(τ))x˙αja
δeaα ⇒
1
κ
ǫαργRaργ =
∫
dτδ3(x− x(τ))x˙αpa, (12)
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which together lead to
1
κ
ǫαργT aργ =
∫
dτδ3(x− x(τ))x˙α[ja − αpa]. (13)
In the above equation, we note again that T aµν is not the physical torsion since
the right hand side contains the orbital angular momentum; we recall that the
physical torsion is the intrinsic rotation generator, conversely to say, the intrinsic
spin is the source of the physical torsion. From the above equations of motion, we
proceed to the physical torsion defined in (7):
1
κ
ǫαβγT aβγ =
1
κ
ǫαβγ(T aβγ + ǫ
a
bcR
b
βγφ
c)
=
∫
dτδ3(x− x(τ))x˙α[(
σ
m
− α)pa]. (14)
Here, noting that α has the dimension of length, thus, −αpa has that of the augular
momentum and it is the source of the physical torsion, one may think of −αpa as
the spin induced from the gravitational CST.
Let us turn to solving the equations of motion to construct the metric according
to the eq. (6). As a first step to this end, we first fix those gauges concerned with
the reparametrization symmetry and the internal ISO(2, 1) symmetry as
xµ = δµaφ
a, ωiµ = 0, i = 1, 2. (15)
It should be emphasized that only six components of the connection are fixed be-
cause there are six gauge degrees of freedom corresponding to the dimension of
iso(2, 1). The above specific choice of gauge is for later convenience in constructing
the metric comparable with the usual Kerr solution [12]-[14]. Furthermore, without
loss of generality, we suppose that the rest particle is located at (a0, a1, a2) of the
internal coordinates corresponding to the point at (a˜0, a˜1, a˜2) of the external space-
time coordinates. In this case, the momentum and the angular momentum read
respectively as
pa = (m, 0, 0), Ja = (0,−ma2, ma1) + (σ − αm, 0, 0), (16)
where the first term of Ja is the orbital angular momentum while the second is the
sum of the intrinsic spin σ and the component −αm induced from CST that is just
the consequence of the new quadratic form on iso(2, 1).
The above specifications of gauge and location lead the equations of motion for
the connection components to
ǫij∂jω
0
0 = 0, ǫ
ij∂je
0
0 = 0,
4
ǫij∂iω
0
j =
κm
2
δ2(~x− a˜),
ǫij∂ie
0
j =
κ(σ − αm)
2
δ2(~x− a˜),
ǫjk[∂je
i
k + ǫ
i
lω
0
je
l
k] = −
κm
2
ǫika
kδ2(~x− a˜),
ǫij [∂je
k
0 + ǫ
k
l(ω
0
je
l
0 − ω
0
0e
l
j)] = 0. (17)
With appropriate boundary conditions and the stationary condition, one can achieve
the following simplified solutions.
ω00 = e
0
0 = e
i
0 = 0,
ω0j =
κm
4π
ǫij(φ
i − ai)
|~φ− ~a|2
,
e0j =
κ(σ − αm)
4π
ǫij(φ
i − ai)
|~φ− ~a|2
,
eij = δ
i
j
A
κm
4pi
|~φ− ~a|
κm
4pi
− δij +
κm
4π
ǫjkǫ
i
lφ
l(φk − ak)
|~φ− ~a|2
, (18)
where A is some constant with the dimension of length and is introduced to adjust
the dimensionality of the components eij . Inserting these solutions into (6) results
in the following familiar form of length element.
ds2 = −[dφ0 +
κ(σ − αm)
4π
ǫij(φ
i − ai)
|~φ− ~a|2
dφj]2 +
A
κm
2pi
|~φ− ~a|
κm
2pi
[(dφ1)2 + (dφ2)2]
= −(dt +
κ(σ − αm)
4π
dθ)2 +
A
κm
2pi
|~x− a˜|
κm
2pi
(dr2 + r2dθ2). (19)
This result is very similar to the metric obtained by Deser [14] and Linet [15] from
Einstein-Cotton equation in the linearized approximation. However, we should note
that the signature of the induced spin (−αm) is different from theirs (αm). More-
over in CSG, it was shown to be impossible to get any exact solution with Deser’s
asymptotic limit except when σ + αm = 0 [16]. Consequently, it is remarkable that
the ISO(2, 1) gauge formulation allows the above exact solution without any specific
condition on the induced spin. We can say in the gauge formulation, the induced
spin manifests itself from the gravitational CST independent of the intrinsic spin of
the particle.
We conclude this letter with some remarks on our results. The solution ex-
hibits flat structure even in the presence of CST. This is in contrast with other
Chern-Simons gauge theory. This difference possibly stems from the fact that in
ISO(2, 1) gauge theory, both the Einstein-Hilbert term and CST involve one deriva-
tive, whereas in other conventional Chern-Simons gauge theory, since the Maxwell
5
term involves two derivatives, the one derivative involved Chern-Simons term effec-
tively becomes mass term. Therefore in ISO(2, 1) gauge theory, CST produces no
topologically massive mode. Gauge formulation of topologically massive gravity can
be achieved by introducing an extra Lagrange multiplier field to put the torsion free
condition into the Lagrangian as a constraint. This was dealt with in refs. [17] and
[18].
However as in (2+1)-dimensional Einstein gravity, the global structure of the
resulting geometry is still nontrivial; the conical space structure of the deficit angle
κm/2 and the time helical structure (time jumps by κ(σ − αm)/2 for a 2π increase
of θ) are apparent here. The momentum is the source of the translation part of the
curvature and produces the conical space structure while the total angular momen-
tum, together with the induced term −α pa becomes the source of the Lorentz part
of the curvature and gives the time helical structure.
We lastly note that in contrast with (3 + 1)-dimensional case, the Einstein for-
mulation (torsion free condition assumed) and gauge formulation result in totally
different pictures in this case. For the spinless case in (3 + 1)-dimension, the two
formulations give the same result. However in ISO(2, 1) gauge theory, due to the
spin induced from CST, torsion gives the time helical structure in the absence of
any spinning source, while in CSG, the same term gives topologically massive mode
and produces locally nontrivial geometry.
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